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Abstract

In this note, we summarize several open problems that emerged during two events: the
Workshop on Harmonic Analysis on Algebraic Groups and the Conference on the Relative
Langlands Program, held from August 4 to August 15, 2025, at Tianyuan Mathematics
Research Center, Kunming, China. The program was structured in two complementary
parts. Each morning featured a minicourse providing an overview of the Relative Langlands
Duality proposed by Ben-Zevi, Sakellaridis, and Venkatesh, alongside a series of talks by
participants surveying recent advances in this area. In the afternoons, participants divided
into focused groups to investigate specific aspects of Relative Langlands Duality, which
served as the stimulus for the problems collected here. One of our broader aims is to
catalyze attracting more experts, fostering the formulation of more concrete open problems,
and thereby shaping future research directions while marking progress in the long-term
development of the field.
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1 Finiteness of local multiplicity 9

Let F be either a local field or a finite field of sufficiently large characteristic p, and let G be a
connected split reductive group defined over F . Suppose M is an anomaly-free hyperspherical
variety over F , with associated hyperspherical datum

D = (G,H, S, ι).

Following the notation of [MWZ24, Section 1], one has a unipotent subgroup U(F ) together
with a Weil representation Θψ of U(F ) attached to D . (In the special case where the corre-
sponding nilpotent orbit in dι is even, Θψ reduces to the additive character ψ.) We also write
ΘS for the Weil representation associated with the symplectic vector space S.

Over local fields, the following conjecture is natural and widely expected.

Conjecture 1.1. Let π be an irreducible admissible representation of G(F ).
Then the local multiplicity

mD(π) := dim HomH(F )⋉U(F ) (π ⊗Θψ ⊗ΘS ,C) (1)

is finite when F is a local field, and independent of the cardinality of F when F is a finite field.

This conjecture may be regarded as a natural extension of the finiteness of multiplicity
for spherical varieties G/H, which has been resolved largely through the work of Sakellar-
idis–Venkatesh, Aizenbud–Gourevitch, and others.

For global applications, the family of hyperspherical varieties satisfying a multiplicity-one
property is of particular importance. This motivates the following problem:

Problem 1.1. Classify all hyperspherical data D for which

mD(π) ≤ 1

for every irreducible admissible representation π of G(F ).

In analogy with the global conjecture of Ben-Zvi–Sakellaridis–Venkatesh (see, for instance,
[MWZ24, Conjecture 1.1]), one is further led to ask how a local counterpart of the Relative
Langlands duality should be formulated. In particular:

Problem 1.2. Establish a local multiplicity formula for mD(π) when π is an irreducible admis-
sible unitarizable representation of G(F ).

2 Identification of twisted cotangent bundle 10

Let k be a field of characteristic 0. We denote by Gn the reductive group GLn over k. Let
n ≥ 0,m ≥ 2 be integers. For 0 ≤ r ≤ m− 1, let Nr be the unipotent subgroup of Gn+m of the
following shape.

More concretely, it consists of matrices (uij) with 1 on the diagonal and uij ̸= 0 only when
j > i > n or 1 ≤ i ≤ n, j ≥ n+ r + 1 or 1 ≤ j ≤ n and n+ 1 ≤ i ≤ n+ r.

Let λr : Nr → Ga be the character

(uij) 7→
n+m−1∑
t=n+1

ut,t+1

Let G = Gn ×Gn+m. Let H be the subgroup

9This section is organized by Lei Zhang (matzhlei@nus.edu.sg)
10This section is organized by Weixiao Lu (weixiaol@mit.edu)
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of G. By abuse of notation, we also regard Nr as the subgroup {1} ×Nr of G.
We introduce the twisted cotangent bundle T ∗(G/NrH,λr) as

T ∗(G/NrH,ψr) := (dλr + (h+ nr)
⊥)×HNr G.

Problem 2.1. The G-Hamiltonian varieties T ∗(G/NrH,λr) where 0 ≤ r ≤ m− 1 are isomor-
phic to each other.

Let us explain the motivation for this problem.
We briefly review the local Rankin-Selberg integral.
Let F be a local field. Let Nn denote the upper triangular unipotent subgroup of Gn. Fix

an additive character ψ : F → C×. We define a character on ψN : Nn(F )×Nn+m(F ) by

ψN (u, u′) = ψ

n−1∑
i=1

ui,i+1 −
n+m−1∑
j=1

uj,j+1

 .

Let π = πn ⊠ πn+m be an irreducible generic representation of G(F ). Denote by W(π, ψN )
the Whittaker model of π with respect to the character ψN . Recall that for any 0 ≤ r ≤ m− 1,
the local Rankin-Selberg integral Zr [JPS83] is defined by

Zr(s,W ) =

∫
H(F )

∫
Matr×n(F )

W

1
x 1

1

h

 |deth|s−m
2 dxdh.

The integral is convergent when Re(s) ≫ 0 and has meromorphic continuation to C. The
greatest common divisor of Zr(W, s) for 0 ≤ r ≤ m − 1 are the same, and is equal to the local
Rankin-Selberg L-function L(s, πn × πn+m)

Moreover, we have the functional equation

Zm−1−r(1− s, W̃ )

L(1− s, π∨
n × π∨

n+m)
= ωπn(−1)n+m−1ε(s, πn × πn+m, ψ)

Zr(s,W )

L(s, πn × πn+m)
,

where W̃ (g) =W (wℓ
tg−1), wℓ denotes the longest Weyl group element.
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Now let k = F be a number field. Let A := AF . Fix an additive character A → C×, let
ψr := ψ ◦ λr. It is a character on Nr(A) trivial on Nr(F ).

Let φ be a cusp form on G, we denote by φNr,ψr
the Fourier coefficient of φ along (Nr, ψr):

φNr,ψr
(g) :=

∫
[Nr]

φ(ug)ψr(u)
−1du.

It is an exercise to show that the zeta integral

Ir(s, φ) :=

∫
[H]

φNr,ψ(h)|deth|s−
m
2 dh

decomposes as

Ir(s, φ) =
∏
v

Zr(s,Wv),

whenever we have Wφ =
∏
vWv. As a consequence, when π = πn ⊠ πn+m is a cuspidal

automorphic representation of G, we have Ir(s, φ) ∼ L(s, πn × πn+m). That is, all the integrals
Ir give the same L-function.

Following Examples 4.3.11 and 4.3.12 in [BSV24], the period integral Ir is attached to the
polarized Hamiltonian variety T ∗(G/HNr, λr). The problem hence suggests a geometric reason
for why there are many ways to give the integral representation of L-function.

3 Socle filtration and intertwining operator 11

Let F be a local field, G = G(F ) a reductive group defined over F , and P = MN a maximal
parabolic subgroup of G with M its Levi subgroup. Given σ an irreducible admissible repre-
sentation of M and s ∈ C, one forms normalized induced representations πs := IGP (σs) and
π̄s := IG

P̄
(σs), where P̄ is the unique opposite parabolic subgroup of P .

Definition 3.1. (level structure) For a finite-length admissible representation π of G, we
define the level 1 socle π(1) of π to be the maximal semi-simple subrepresentation of π, the
level 2 socle π(2) of π to be the maximal semi-simple subrepresentation of π/π(1), i.e., there
exists a subrepresentation π(2) of π such that π(2)/π

(1) = π(2), and inductively the level n

socle π(n) of π to be the maximal semi-simple subrepresentation of π/π(n−1), i.e., there exists a

subrepresentation π(n) ⊃ π(n−1) of π such that π(n)/π(n−1) = π(n) for n ≥ 1, where π(0) := 0
and only non-zero level structures will be counted by convention. Moreover, we define the level
rank r(π) of π to be the number of non-zero level structures of π, i.e., the maximal positive
integer n such that π/π(n−1) ̸= 0.

Given this, a natural question is

Problem 3.1. If {π(i)
s : i = 1, 2, · · · , r} is the socle filtration of πs, then

{π̄(i)
s := π(r−i+1)

s : i = 1, 2, · · · , r} is the socle filtration of π̄s.

To state a local “BSD-type” conjecture, we need the notion of standard intertwining opera-
tors.

M(s) : πs → π̄s, M̄(s) : π̄s → πs.

Assume that S(s) and Z(s) (resp. S̄(s) and Z̄(s)) are the normalization factors of M(s) (resp.
M̄(s)) such that M∗(s) := S(s)M(s) (resp. M̄∗(s) := S̄(s)M̄(s)) is holomorphic and non-zero
for any s ∈ C. Moreover, M̄∗(s) ◦M∗(s) = Z(s)Z̄(s). In light of Problem 3.1, we propose the
following conjecture.

Conjecture 3.1. Keep the notions as above (see [JL25; Li+25] for more details).

11This section is organized by Caihua Luo (luocaihua@cuhk.edu.cn)
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(i) (local “BSD-type” formula)

r(πs) = ords(Z(s)Z̄(s)) + 1.

(ii) (“no gap” property)

ords(M
∗(s)|

π
(i+1)
s

) = ords(M
∗(s)|

π
(i)
s
)− 1 for any 1 ≤ i ≤ r(πs)− 1,

and for any 1 ≤ i ≤ r(πs) and any subrepresentations π1, π2 ⊂ π
(i)
s ,

ords(M
∗(s)|π1

) = ords(M
∗(s)|π2

).

Next, let us examine an interesting example that follows. Let Gn = GLn(F ) be the general
linear group of rank n defined over a p-adic field F . Given a unitary supercuspidal representation
τ of Gm and two positive integers c, a, we can attach a Speh representation ρc(τa), then form
the induced representations of Gn

πs := ρc(τa)|det(·)|s × ρd(τb)|det(·)|−s and π̄s := ρd(τb)|det(·)|−s × ρc(τa)|det(·)|s,

thus the corresponding standard intertwining operator

M(s) : πs → π̄s.

Conjecturally, we know that the normalization factors S(s) and Z(s) are given by

S(s)−1 =

c+d−2
2∏

j=
|c−d|

2

L(2s− j, τa × τ∨b ), Z(s)−1 =

c+d−2
2∏

j=
|c−d|

2

L(2s+ j + 1, τa × τ∨b ).

That is to say,

Conjecture 3.2. (see [Luo25] for the detail) Use the same notation as above. We have

M∗(s) := S(s)M(s)

is always non-zero for s ∈ C, i.e., a non-zero intertwining operator.

In view of the above Conjecture 3.2 and Tadić’s expectation in [Tad15], our Conjecture 3.1
predicts the following conjecture.

Conjecture 3.3. Each level of the socle filtration of πs is irreducible, i.e., πs is a uniserial
module.

Remark 3.1. The non-zero conjecture of M∗(s) is shown for the case c = d in [Luo25], and
the uniserial property for the case (c = d, a = b) is known in [Tad15].

4 Sheaves on buildings and representations of p-adic re-
ductive groups 12

Let G be a p-adic reductive group. For a fixed non-negative real number r, the Moy-Prasad
filtration defines a map

B(G) {compact subgroup of G}
x Gx,r+

12This section is organized by Ma Jia-Jun (hoxide@xmu.edu.cn)
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This construction gives rise to a cellular structure of B(G) where x and y are in the same r-facet
if and only if Gx,r+ = Gy,r+ . For each facet σ, let Gσ := Gx,r+ where x is any point in the
interior of σ. Let Cd(B(G)) denote the free abelian group generated by d-dimensional r-facets
of B(G).

For a complex G-representation V and a subgroup K ≤ G, let V K denote the subspace of
K-fixed vectors. Following Schneider-Stuhler’s construction [SS97], Bestvina and Savin [BS20]
defined a complex (C∗(B(G), V ), ∂) with

C∗(B(G), V ) := span{σ ⊗ v|v ∈ V Gσ} ⊂ C∗(B(G))⊗Z V.

Suppose V is a G-module generated by
⋃
x∈B(G) V

x,r+ . Bestvina and Savin showed that

(C∗(B(G), V ), ∂) gives a projective resolution of V . For example, consider r = 0 and the
subcategory Rep0(G) (which is a direct summand of the category of smooth G-module) gener-
ated by depth-zero representations of G. Then C∗(B(G), V ) is a projective resolution for every
V ∈ Rep0(G).

We suggest exploring the possibility of using refined K-types following the work of Kim-
Yu and Adler-Fintzen-Mishra-Ohara. We retain some notation from [Adl+24, §3.6]. Let

Σ := (
−→
G,−→r ,

−→
ϕ ) be a (partial) Heisenberg-Weil datum 13 Now the Kim-Yu-AFMO construction

defines a map from B(G0) to quadruple

B(G(0)) ∋ x 7→ (Kx,Kx,+, ϕx, κx)

where Kx,+ is a finite index normal subgroup of the open compact subgroup Kx and ϕx is a
character of Kx,+, κx is the twisted Yu Heisenberg-Weil representation of Kx (an irreducible
Kx-representation such that κx|Kx,+

is ϕx-isotypic and satisfies some compatibility condition
for different x). Similar to the definition of the building, we define

BΣ := G×A(0)/ ∼

where

(i) A(0) is the apartment attached to a fixed maximal split torus T (0) of G(0)

(ii) (g, x) ∼ (h, y) if and only if there is n ∈ N(T (0)) such that n · x = y and g−1hn ∈ Kx.

(iii) the cellular structure on A(0) is defined as follows: x and y are in the same facet ifKx = Ky.

It is known from Kim-Yu [KY17] that the subcategory RepΣ(G) of G-modules generated
by

⋃
x∈B(G0) V [ϕx] is a direct summand of the category of smooth G-modules. For any V ∈

RepΣ(G), we define

C∗(BΣ, V ) := span{σ ⊗ v|v ∈ V [ϕx]} ⊆ C∗(BΣ)⊗Z V

where V [ϕx] denotes the ϕx-isotypic component of V .

Conjecture 4.1. The complex C∗(BΣ, V ) is a projective resolution of V when V ∈ RepΣ(G).

Following Schneider-Stuhler, one can consider G-equivariant coefficient systems V on BΣ by
requiring a space Vσ with Kx-action attached to each simplex σ such that Vσ is ϕx-isotypic. Let
CoeffG(BΣ,Σ) denote the category of such kinds of coefficient systems. Observe that B(G0) :=
G(0) × A(0)/ ∼ is naturally embedded into BΣ := G × A(0)/ ∼. There is a natural restriction
map

CoeffG(BΣ,Σ) CoeffG(0),0(B(G(0)))

V ResV

13This datum defines an “endo-class” in the language of Bushnell-Kutzko-Stevens for classical groups.
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sending V to (ResV )σ := Hom(Kx∩Gx,0+ )(κx,Vσ). Here CoeffG(0),0(B(G(0))) denotes the G(0)-

equivariant coefficient system on B(G(0)) such that a space Vσ with G
(0)
x -action is attached to

each facet σ and G
(0)
x,0+ acts trivially (x ∈ σ).

One can define a homology functor H0 from CoeffG(BΣ) to RepΣ(G) by the same recipe in
[SS97, §V].

Conjecture 4.2 (Compare with [SS97, Theorem V.1]). The following diagram induces an equiv-
alence of categories between RepΣ(G) and Rep0(G

(0))

RepΣ(G) CoeffG(BΣ,Σ)[H
−1
0 ] CoeffG(0),0(B(G(0)))[H−1

0 ] Rep0(G
(0)).

H0 Res H0

Here “[H−1
0 ]” denotes the localization with respect to morphisms s that induce isomorphisms

H0(s).

5 Archimedean type II theta correspondence, coherent
continuations and Whittaker models 14

Let G be a finite central extension of an open subgroup of R-points of a connected reductive alge-
braic group (reductive Nash group [Sun15]) with Lie algebra g. Fix an invariant nondegenerate
bilinear form B(−,−) on g.

For an irreducible Casselman-Wallach representation π of G, let WhO(π) be the space of
generalized Whittaker models of π associated to the nilpotent orbit O. Let

WO(π) := {O |O is a nilpotent orbit such that WhO(π) ̸= 0},

and the Whittaker support WS(π) of π be the set of all maximal orbits in WO(π) with respect
to closure inclusion:

WS(π) := {O |O is a maximal orbit in WO(π)}.

Another nilpotent invariant is the wavefront cycle:

WF(π) =
∑
i

mi[Oi].

With the corresponding wavefront set :

WF(π) =
⋃
mi ̸=0

Ōi.

Mœglin-Waldspurger [MW87] proved that WF(π) = WS(π) when F is a p-adic field. We
want to test this conjecture for arbitrary reductive almost linear Nash groups.

Conjecture 5.1 (Main conjecture). For any reductive almost linear Nash group G and any
irreducible Casselman-Wallach representation π:

WF(π) = WS(π).

Take a nilpotent orbit O ⊆ g (or sl2-triple γ = {Y,H,X} in g). g/gY is a symplectic
space with symplectic form ⟨−,−⟩ := B(Y, [−,−]). Set GY := StabG(Y ), there is a natural

homomorphism GY → Sp(g/gY , ⟨−,−⟩). Let G̃Y be the double cover of GY induced by the
metaplectic double cover of Sp(g/gY , ⟨−,−⟩).

14This section is organized by Ryan Ang (MAP2404001@xmu.edu.my) and Qiutong Wang
(wang.qt@zju.edu.cn)
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Definition 5.1. The nilpotent O is called admissible if the double cover G̃Y is split over the

identity component of (GY )0. It is called quasi-admissible if G̃Y has a finite-dimensional genuine
representation.

Result of [GGS21] says that WS(π) consists of quasi-admissible orbits. But they do not
know whether the non-admissible quasi-admissible orbits appear in Whittaker supports of rep-
resentations. We may ask the same question for the wavefront set:

Problem 1: Are all the nilpotent orbits in the wavefront cycle admissible?

For the case when G is general linear, it is well known that the wavefront set WF(π) of
an irreducible Casselman-Wallach representation π of G consists of a single nilpotent adjoint
orbit. Together with some counting results, it may be possible to construct all irreducible
representations of the general linear group via theta correspondence and coherent continuation.

Problem 2: Can we construct all irreducible representations via theta correspondence,
coherent continuation, and twist of characters?

Assuming the construction steps above are done, it then remains to study the Whittaker
support WS(π) of π. We focus on two types of interactions with Whittaker models - theta
correspondence and coherent continuation.

On one hand, Gomez-Zhu [GZ14] proved for type I reductive (symplectic-orthogonal) dual
pairs in the stable range that the big theta lift preserves the structure of Whittaker models:

WhΘ(O) (Θ(π)) = WhO(π
∨).

Noting that (G,G′) = (GLn(F ),GLm(F )) is a (reductive) dual pair for any n,m ∈ N, one
observes that if one can prove an analogue of Gomez-Zhu’s result for type II dual pairs, one can
use it to infer properties of the structure of the Whittaker support WS(π). Hence, we propose
the following subconjecture:

Conjecture 5.2. If (G,G′) = (GLn(F ),GLm(F )) is a type II reductive dual pair over F (with
n ≤ m), and π is a genuine Casselman-Wallach representation of G, then

WhΘ(O) (Θ(π)) = WhO(π
∨),

where π∨ denotes the smooth contragredient of π. Furthermore, the above will imply that

WS(Θ(π)) = WS(π∨).

On the other hand, Barbasch-Vogan [BV80] proved that under coherent continuation, the
multiplicity of wavefront cycle changes in the form of a Goldie rank polynomial, i.e.

WF(π(λ)) = p(λ) · (
∑
i

ci[Oi]),

where p(λ) is the goldie rank polynomial corresponding to the coherent family π(µ), λ is domi-
nant. We expect some similar results for the multiplicity of the generalized Whittaker model.

Problem 3: For a fixed nilpotent orbit O, does there exist a constant cO such that
dimWhO(π(λ)) = cO · p(λ)?

6 Asymptotic of Sobolev norms 15

Let M be a (nonempty) complete Riemannian manifold. The Laplacian-Beltrami operator on
M is denoted by ∆. Let C∞

c (M) denote the space of complex-valued smooth functions on M
with compact support. For each real number s, define an inner product on C∞

c (M) by

⟨f, g⟩s =
∫
M

((1−∆)s.f)(x) · g(x) dx,

15Question posed by Binyong Sun. This section is organized by Dongwen Liu (maliu@zju.edu.cn)
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where dx is the measure on M induced by the Riemannian metric.
Let N be a closed submanifold ofM and let µ be a smooth measure on N (namely under the

local coordinates it is the product of a smooth function with the Lebesgue measure). Consider
the functional

λµ : C∞
c (M) → C, f 7→

∫
N

f(x)dµ(x).

Define the Sobolev norm
|µ|s := sup

f∈C∞
c (M),⟨f,f⟩s≤1

|λµ(f)|.

Problems: 1. Find the conditions on (M,N, µ, s) that |µ|s <∞.
2. Describe asympototic of |µ|s when s→ ∞.
One interesting case is when M is a modular curve viewed as a Riemannian manifold.

7 Some local theory of unitary Friedberg-Jacquet periods
16

Let F be a local field and E/F be a quadratic field extension. Take a non-degenerate Hermitian
space (W, ⟨−,−⟩) over E of dimension 2n. Let G = U(W ) be unitary group and G̃ = GU(W )
be the unitary similitudes group.

The first problem concerns the Adler-Prasad conjecture on the restriction of irreducible G̃-
representations to G. Let GL and G̃L be the Langlands dual group respectively. The injection
ι : G ↪→ G̃ induces a morphism ιL : G̃L → GL. As a special case of [AP19], we have the
following conjecture:

Conjecture 7.1 (Adler-Prasad). Assume the local Langlands correspondence for G and G̃. Let
π̃ (resp. π) be irreducible admissible representation of G̃ (resp. G) with corresponding Langlands
parameter ϕ̃ (resp. ϕ). Then HomG(F )(π̃, π) = 0 unless ϕ = ιL ◦ ϕ̃. In this case,

dimHomG(F )(π̃, π) = dimHomπ0(Z(ϕ̃)(η̃, ι
L,∗η)

Here η̃ (resp. η) is the character of component group of ϕ̃ (resp. ϕ) corresponding to π̃ (resp.
π).

We refer to [CZ21] for the local Langlands correspondence for G and to [KKS25] for the
generic local Langlands correspondence for quasi-split G̃. We expect that one can apply the
theta lifting method in [CZ21] to complete the local Langlands correspondence for G̃ general.
Our motivation for this conjecture is the potential role of G̃ in the special value formula of
unitary Friedberg-Jacquet period.

The second problem concerns the Plancherel measure of L2(H(F )\G(F ), ω). Here H ⊂ G is
a suitable subgroup and ω : H(F ) → C× is a unitary character. We shall take H to be

• U(V )× U(V ⊥) when W = V ⊕ V ⊥ and dimV = n;

• GL(X) whenW = X⊕Y is maximally split, i.e. X and Y are totally isotropic of dimension
n.

Assume ω = 1 andW is maximally split. By [CG22], for any irreducible temperedG-representation,
there exists a uniquely determined (skew)-Hermitian space W ′ of dimension 2n such that

dimHomGL(X)(π,C) = dim
∑
V

HomU(V )×U(V ⊥)(Θ(π),C)

Here the U(W ′)-representation Θ(π) is the theta lifting of π and V ⊂W ′ runs the isomorphism
classes of non-degenerate (skew)-Hermitian subspace of dimension n. In [CG22], the authors

16This section is organized by Yangyu Fan (yangyu.fan@bit.edu.cn)
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use the unitary Shalika period as a bridge to establish the identity. We expect such identity can
deduced directly from the seesaw diagram

U(W ) U(W ′)× U(W ′)

U(V )× U(V ⊥) U(W ′)

and the local Siegel-Weil formula for theta lifting from U(V ) to U(W ). Bearing the work
[GG14] in mind, we wonder if this approach can allow one to deduce the Plancherel measure of
L2(GL(X)\U(W )) from that of L2(U(V )× U(V ⊥)\U(W ′)) for all possible V ⊂W ′.

Finally, could one deduce the Plancherel measure of L2(H(F )\G(F ), ω) for general ω from
that of L2(H(F )\G(F ))? This question is motivated by further arithmetic applications in Euler
systems and p-adic deformation of periods.

8 Invariant tempered distributions: composition struc-
ture17

Consider the reductive dual pair

(H,G) := (Op,q,Sp2n(R)) ⊆ Sp2N (R), N = (p+ q)n,

and the smooth oscillator representation ω of the metaplectic group S̃p2N (R) on S(Mp+q,n(R)),
the space of Schwartz class functions in Mp+q,n(R). As usual, we normalize ω so that the action

of H̃ factors through the obvious action of H on S(Mp+q,n(R)). We have the dualized action of

S̃p2N (R) on S∗(Mp+q,n(R)), the space of tempered distributions on Mp+q,n(R), and it is denoted
by ω∗.

Let

Ωp,q(1) =Howe’s maximal quotient corresponding to

the trivial representation 1 of Op,q.

The continuous dual of Ωp,q(1) is

I := S∗(Mp+q,n(R))Op,q ,

the space of Op,q-invariant tempered distributions on Mp+q,n(R).

Basic facts: (Kudla-Rallis [KR90])

(a).

I = < ω∗(G̃)δ >,

where δ is the Dirac measure at the origin of Mp+q,n(R), and < D > denotes closure of
the span of a set D in the standard Frechet topology of S∗(Mp+q,n(R)).

(b). There is a natural embedding

Ωp,q(1) ↪→ IndG̃
M̃N

(χp−q0 ⊗ | |
p+q−(n+1)

2 ⊗ 1),

where M ≃ GLn(R), and χ0 is the character of M̃ of order 4 given by

χ0(a, ϵ) = ϵ ·

{
1, if det(a) > 0,

i, if det(a) < 0.

17This section is organized by Chen-Bo Zhu (matzhucb@nus.edu.sg)
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(The embedding is induced by the map

ψp,q(f)(g̃) = δ(ω(g̃)f), f ∈ S(Mp+q,n(R)), g̃ ∈ G̃.)

From the work of Lee-Zhu [LZ97], we know the composition structure of Ωp,q(1) and their

relationship with the structure of IndG̃
M̃N

(χ ⊗ | |s ⊗ 1). The results are described in terms of

K̃-structures. Here K ≃ Un is a maximal compact subgroup of G.

Problem 1: Describe the composition structure of I in terms of the geometry of H-action
on Mp+q,n(R).

According to the Howe Duality Theorem [How89], Ωp,q(1) has a unique irreducibe G̃-quotient,

denoted by θp,q(1). Dually it says that I has a unique irreducible G̃-submodule, denoted by J .

Problem 2: Determine J , by finding a non-zero element of J .

Remark: If Ωp,q(1) is irreducible, for example, this is the case when pq = 0 (compact dual
pair) or p + q ≤ n (stable range), then of course J = I, and so one can pick any non-zero
element of I (such as δ). Problem 2 is trivial in this case.

Example: Consider the null cone:

N = {v ∈ Mp+q,n(R)| vtIp,qv = 0 (the n× n zero matrix)},

where Ip,q =

(
Ip 0
0 −Iq

)
. Clearly N is stable under H.

Suppose p, q ≥ n. The regular part of the null cone defined by

Nn = {v ∈ N| rank(v) = n}

consists of a single H-orbit, and carries an H-invariant Radon measure, denoted by dµn. In fact
dµn defines a tempered distribution on Mp+q,n(R).

Set
ω∗(dµn) = < ω∗(G̃)dµn >.

Then the following results hold: ([HZ02])

(a). ω∗(dµn) is the unique irreducible G̃-submodule of I.

(b). ω∗(dµn) is finite dimensional if and only if p, q ≡ n+ 1 (mod 2).
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